Abstract. In the present work we prove some direct theorems of the approximation theory in the weighted Orlicz spaces with weights satisfying so called Muckenhoupt's condition and we obtain some estimates for the deviation of a function in the weighted Orlicz spaces from the linear operators constructed on the basis of its Fourier series.
Introduction and main results
≤ C with a finite constant C independent of I, where I is any subinterval of T and |I| denotes the length of I.
Let ϕ be a quasiconvex Young function. We denote by ∼ L ϕ,ω (T) the class of Lebesgue measurable functions f : T → C satisfying the condition
The linear span of the weighted Orlicz class
, becomes a normed space with the Orlicz norm
where ψ is the complementary Young function of ϕ. We define the Luxemburg norm as
There exist ([6, p. 23]) constants c, C > 0 such that
For a quasiconvex function ϕ we define the indice p(ϕ) of ϕ as 1
and L ϕ,ω (T) becomes a Banach space with the Orlicz norm. The Banach space L ϕ,ω (T) is called weighted Orlicz space.
Throughout this paper, the constant c denotes a generic constant, i.e., a constant whose values can change even between different occurrences in a chain of inequalities.
Detailed information about Orlicz spaces, defined with respect to the convex Young function ϕ, can be found in [14] . Orlicz spaces, considered in this work, are investigated in the books [6] and [20] .
Let ϕ ∈ ∆ 2 and ϕ θ is quasiconvex for some θ ∈ (0, 1). For f ∈ L ϕ,ω (T) with ω ∈ A p(ϕ) , we define the shift operator σ h by
and the r-modulus of smoothness (r = 1, 2, ...) by
where I is the identity operator. This modulus of smoothness is well defined, because σ h is a bounded linear operator on L ϕ,ω (T) under the conditions that ϕ ∈ ∆ 2 , ϕ α is quasiconvex for some α, 0 < α < 1, and ω ∈ A p(ϕ) ( [1] ). We define the shift operator σ h and the modulus of smoothness Ω r ϕ,ω in this way, because the space L ϕ,ω (T) is not, in general, invariant under the usual shift f (x) → f (x + h).
We denote by E n (f ) ϕ,ω the best approximation of f ∈ L ϕ,ω (T) by trigonometric polynomials of degree not exceeding n, i.e.,
where Π n denotes the class of trigonometric polynomials of degree at most n. Note that the existence of T * n ∈ Π n such that
be the Fourier series of f ∈ L 1 (T). In addition, we put
Our main results formulated in the following enable us to make conclusions concerning the rate of vanishing of the quantities R n (f, λ) ϕ,ω and R r (f, λ) ϕ,ω by using the modulus of smoothness Ω r ϕ,ω (f, δ) and the best approximation E n (f ) ϕ,ω . In the theory of approximation, statements of this sort are called direct theorems. In this paper we investigate some direct theorems of approximation theory in the weighted Orlicz spaces and get a generalization of the results appeared in [17] .
In the literature many results on such approximation problems have been obtained in weighted and non-weighted Lebesgue spaces. The corresponding results in the non-weighted Lebesgue spaces can be found in the books [4] and [22] . The best approximation problems by trigonometric polynomials in weighted Lebesgue spaces with weights belonging to the Muckenhoupt class were investigated in [7] and [15] . Detailed information on weighted polynomial approximation can be found in the books [5] and [16] .
Approximation by trigonometric polynomials and other related problems in the Orlicz and weighted Orlicz spaces were studied in [2, [8] [9] [10] [11] [12] 17, 18, 21, 23, 24] .
Since every convex function is quasiconvex, the Orlicz spaces considered by us in this paper are more general than the Orlicz spaces studied in the above mentioned works. Therefore, the results obtained in this paper are new also in the non-weighted cases.
The relation is defined as "A B ⇔ there exists a constant C such that A ≤ CB".
Our main results are the following.
and ϕ α be quasiconvex for some α ∈ (0, 1) . For the system of numbers λ
and ϕ α be quasiconvex for some
specified on some set E of the real axis and in addition for any fixed r ∈ E and any function f ∈ L ϕ,ω the series
convergences to a metric of the space L ϕ,ω (T) , then
with a constant c > 0. Then for an arbitrary triangular matrix of the numbers λ
is convex and
is concave, where
The non-weighted analogues of these theorems were proved in [17] .
Auxiliary result
, where
This lemma is proved in [13, Th. 2].
Lemma 2.2. Let ϕ t 1 p 0 be a Young function for some p 0 > 1 satisfying the ∆ 2 condition. Let f n (x) (n = 1, 2, ...) be a sequence of 2π periodic functions in L ϕ,ω (T), ω ∈ A p(ϕ) and let S n,kn (x) be the k-th partial sum of Fourier series of the function f n (x), k = k n is a function of n. Then there exists a positive constant C such that
with a constant C is independent of f n (x).
This lemma is proved in [13, Th. 1] by taking
Lemma 2.3. Let λ 0 , λ 1 , ... be a sequence of numbers such that
Then the series
where a ν , b ν are the Fourier coefficients of a function f (x) ∈ L ϕ,ω [0, 2π] , is a Fourier series of some function h(x) ∈ L ϕ,ω [0, 2π] and the following inequality is valid:
This lemma is proved in a similar way as [23, Lemma 2.4].
Proofs of main results
Proof of Theorem 1. Let 2 m ≤ n < 2 m+1 . By virtue of the property of the norm, we get
where A ν (x) := a ν cos νx + b ν sin νx. From [1, Lemma 3]
It follows from the latter inequality that
and, since ([1, Th. 2])
Now, we estimate
For the sequence µ (n) ν,r the conditions of lemma 3 are fulfilled ( [3] ). Then, according to lemma 3
and theorem 1 is proved.
Proof of Theorem 2. By virtue of the property of the norm we get
We estimate
Let us assume
For the sequence µ (n) ν,r the conditions of lemma 3 are fulfilled. Consequently,
Let us now estimate I ′ 2 . It is easily seen that the conditions of lemma 3 are fulfilled for the system of numbers {1 − λ ν (r)}. Then, according to lemma 3
Hence, as in Theorem 1, it follows
The latter completes the proof of the theorem.
Proof of Theorem 3. Let 2 m ≤ n < 2 m+1 . We obtain by means of our previous argument the following
Let ϕ ( √ u) be a convex function. Bearing in mind the equivalence of the norms (1.1) and (1.2), by virtue of lemma 1, we have
Moreover, due to (1.3), the constant D ϕ may be chosen such that
If we apply the Abel transform to ∆ r,σ
Then, by virtue of the inequality (3.1) and the monotonicity of the sequence of best approximations, we have
Let ϕ ( √ u) be a concave function. In the inequality (3.1), we use the well-known formula for calculation of the (norm [14, p. 92 This completes the proof.
